Analytical expression for fracture profile in viscoelastic crack
propagation: Foundation for de Gennes' viscoelastic trumpet
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We derive an analytical expression for the gjowcraci 2
strain field, including the fracture profile,

during steady-state crack propagation in « .
viscoelastic solids [1]. This expression is :g
obtained by exactly solving a fracture Fgastecrack 1%
model that incorporates the standard B
linear solid (i.e., three-element Zener) *—

model, one of the most fundamental .

constitutive models in linear viscoelasticity.

The analytical solution reveals three distinct regions in the fracture
profile and in the strain field ahead of the crack tip: glassy, viscous, and
rubbery regions. Each region is characterized by a power-law exponent that
evolves with distance from the crack tip. As the crack-propagation velocity
increases, the viscous region expands, causing the crack tip to sharpen
progressively. This result provides a clear explanation for the experimentally
observed crack-tip sharpening in rubbers and gels at high propagation
velocities, a phenomenon often associated with catastrophic failure triggered
by a velocity jump. Notably, this sharpening arises purely from linear
viscoelasticity, without invoking nonlinear material effects.

Furthermore, we establish de Gennes' viscoelastic trumpet [2], which
predicts that the crack opening profile takes the shape of a trumpet, on a
rigorous continuum-mechanical foundation. While de Gennes originally derived
the trumpet shape through a scaling argument, our analysis shows that the
same result emerges exactly from the governing equations of fracture
mechanics. In addition, our solution reveals a strain plateau ahead of the crack
tip, consistent with recent experimental observations [3], which was not
captured by de Gennes' original theory.

These results provide a unified analytical framework for understanding
crack propagation in polymer networks and should contribute to the fracture
control and durability improvement of gels, elastomers, and their composites.
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