Theory of Gel Dynamics with General Linear Viscoelasticity
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Polymer-gel dynamics are commonly described by phenomenological continuum theories
such as the Tanaka—Hocker—Benedek (THB) theory [1] and the Doi—Onuki theory [2].
However, it remains unclear under what conditions these theories are valid and how they

should be extended to more general viscoelastic response.

We propose a Lagrangian formulation for polymer-gel dynamics with general linear visco-
elasticity based on an energy-conserving minimal model of the polymer network, the solvent,
and the saturation constraint. By decomposing the fields into slow and fast components and
eliminating the fast modes, we derive effective equations of motion with dissipation, in which

the polymer network obeys a generalized Langevin equation with a memory kernel:

ppiip(r,t) =V - o(r,t) — f dt'y(r,t — t)[u,(r,t") — vs(r, t)] +&(r,0)
0

where u,(r,t) is the network displacement, a(r,t) is the elastic stress tensor of the
polymer, andv,(r,t) is the local velocity of the solvent. y(r,t) is a memory kernel
determined by the interaction with the eliminated fast modes: in thermal equilibrium it is
related to the autocorrelation of the random force ¥(r,t). Thus, the friction is governed by
the relative motion between network and solvent and becomes temporally nonlocal in
general. In the memoryless limit, y(r,t) « §(t), the theory reduces to THB- and Doi—Onuki-
type equations. It thus provides a common basis for discussing both conventional gel

dynamics and memory effects within the same formalism.

As applications, we derive the complex modulus beyond the memoryless limit and study
gel swelling within the same limit. In particular, for swelling with a power-law memory kernel
y(r,t) « t~5, corresponding to fractional derivative, we derive the equation of motion, the
collective diffusion coefficient, the characteristic swelling time, and an analytical solution,
and show that the relaxation is described by the Mittag—Leffler function.
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